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ABSTRACT

In most space communication systems the energy available
to the spacecraft 1s limited. This paper 1is an effort to
reduce the energy required by the spacecraft for a given
overall probability of error by employing feedback frdm the
ground station to the spacecraft.

Three memoryless systems employing feedback are compared
with a memoryless system without feedback and it is shown
that for the same energy level, feedback improves the perfor-
mance of a system as far as the overall probability of error
is concerned.

The signals considered are orthogonal, phase-coherent,
and perturbed by white Gaussian nolse. The conclusions,
However, could be extended to non-phase-coherent signals and

also Rayleigh noise.
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CHAPTER I
INTRODUCTION

In most telemetry systems the prime considerations are
always the reduction of the overall probability of error,
lowering of the expected value of the energy required for
communication, and an increase in the information rate.

These three factors are not quite independent and depending

on the purpose for which a particular telemetry system is
designed any one of these requirements will dominate over

the others. As an example consider a space communication
system where the energy available to the spacecraft is small
due to weight and space limitations whereas the ground sta-
tion has access to the most powerful transmitters. In this
system the important requirement would be to minimize the
spacecraft energy for a given overall probability of error

oY stating it differently to minimize the overall probability
of error for a glven energy level. ‘It seems natural to assume
that some form of feedback from the ground station to the
spacecraft wlll be necessary to reduce the overall probability

of error.



CHAPTER 1T
A COMMUNICATION SYSTEM WITHOUT FEEDBACK

For the purpose of this paper we shall consider only
the performance of memoryless systems with the number of
retransmissions arbitrarily truncated. We shall consider

the transmission of phase-coherent orthogonal signals

through a channel perturbed by additive white Gaussian noise.

In other words, we shall deal with a group of signals where
the cross-correlation between any two signals is zero, and
the povier spectral density of noise is a constant. If si(t)
is the signal transmitted with period = T seconds and n(t)
is the additive noise then the received signal x(t) is given
by,
x(t) = si(t) + n(t)

Let us assume without loss of generality the sbacecraft

wants to transmit one of M = 2n orthogonal, equiprobable and

equal-energy signals.

1 -
P(si) = i i=1,2,3,...,M
T 0 1#7
j s, ()s,(t)dt = {
0 ES 1=

The noise pcwer spectral density for white Guaussian noise is
given by,

N
snn(w) = §9 -® < W< »
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Assume Sl(t) was transmitted by the spacecraft. If we
use the maximum likelihood decision scheme as shown in Figure

1, the probability that vi is the largest output is given

2
by,
2
_ (yl-ES) _ y_2_
2
® 20 \4 20
e 1 -
P(cls,) = | ([P =" et ay,
2T © ' 2T o
- - 0
N E
where c2 = g =
I
Substituting @ = ——— and B = - s for equiprobable signals
E E ' '
s 8

the probability of correct decision is given by,ur

p(e) = | fla - B ( ja £(p) ap)"™* da

where f(a.).é

/WNJ ©

E
A convenient plot of P(C) vs. NE for various values of
o]
M = 2% is included here for reference3 (Figure 2) where
E
Eb = ﬁi = energy per bit. Note, however, that if the number

of signals M is not an exponent of 2, to get the energy per
bit Eb’ n = log2 M.

Now suppose the spacecraft retransmits the original
signal, (i.e., simple redundancy) in our case Sy If the
second transmission is considered by itself then the probab-
ility of correct decision is the same as before (P(C));

however, when the two received signals Xys Xo» are added to
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form the input to the maximum 1liklihood recelver the proba-
bility of correct decision 1s greatly improved. When

xl(t) + Xg(t) = Esl(t) + nl(t) + ne(t) is the new input to
the maximum likelihood receiver the probability of correct

decision is given by,

P,(0) = [ £(a - fBED) ([ 2(8)ap)" e

1

o

As expected this probability is equal to the probability

-
NO

>

where as before f(a)

e

of correct decision if the spacecraft had transmitted the
signal with twice the energy in one interval alone. For

both these procedures the overall probability of error,

P(e) = 1 - P2(C) = P2(€) and the expected value of the energy

required 1s 2Es'



CHAPTER IIT

COMMUNICATION SYSTEM WITH SIMPLE FEEDBACK

Two forms of feedback are available to us, 1) Decision
Feedback, and 2) Information, Feedback.

1) Decision Feedback as the name implies requires the
recelver on the ground to decide when the transmission is
to be repeated or terminated and what 1s going to be the
final decision.

2) Information Feedback means the spacecraft transmitter
decides when and what to retransmit upon receiving feedback
from the ground station.

The key word for our purpose shall be adaptive feedback
meaning a combination of both of the above to give the lowest
probability of error. We shall first consider a simple
adaptive feedback scheme as follows. This shall be referred

to as Scheme 1 for comparison purposes:
1. Scheme 1

First Transmission: Spacecraft transmits 1 of M equiprobable,
equal-energy orthogonal signals through a channel perturbed
by white Gaussian noise. The receiver on the ground stores
the information and employs maximum likelihood detection to
decode the correct signal. The decoded signal 1s fed back to
the spacecraft in a negligibly short period of time through

a noisefree path. Since the ground station has unlimited

energy compared to the spacecraft we are Jjustified in assuming



the feedback loop is virtually error-free and takes very

little time compared to the spacecraft transmission period, T.

Second Transmission: The spacecraft decides whether the
receiver on the ground made the correct decision or not.
Depending on the outcome of this, the spacecraft transmits
1 of 2 equiprobable, equal-energy orthogonal signals S,
Sp* The signals 8,5 Sy, may or may not be in the original

set of M signals. For our purpose we shall not include

these in the original set of M signals. The signal sa
corresponds to the message "accept the decision" and Sy
corresponds to "reject the decision." The receiver on the
ground decodes the message and feeds it back to the spacecraft
through the error-free path. I1f the outcome was S, the ground
receiver accepts the signal decoded in the first transmission
as the final decision and walits for the next message.
Similarly, the spacecraft starts transmitting the next
message on the list.

Third Transmission: If the outcome was CIN the spacecraft
retransmits the original 1 of M orthogonal signals. The
receiver on the ground adds the information stored during the
first interval to this third interval and again employs
maximum likelihood detection to decode the transmitted sig-
nal. For this particular truncated system, the ground
receiver accepts this as the final decision and awaits the
next message. Similarly the spacecraft stops retransmitting

and goes on to the next message. Scheme 1 is represented

schematically in Figure 3.
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Let p1 = probability of error in the first interval consist-
ing of 1 of M orthogonal signals.

P =1 -py

q; = probability of error in the second interval consisting
of 1 of 2 orthogonal signals.’

a4 =1 -9

Py = probability of error for 1 of M orthongonal signals for
the first and the third intervals added together with
the original signal present twice.

Pp =1 - P

The overall probability or error can be obtained from the

probability tree shown in Figure 4.
<P(€)>= pya; + Pd;P, + P14y P,

and the expected value of the required energy <ES> =

(3 - P1ay - ﬁlal)Es which is approximately given by,

- 9o
<bs> = EES when q; <Py < 0.1.

Comparing the system without feedback with Scheme 1 we

get the following results:

E Overall Error-Probability <P(e)>
W§ in db Scheme 1 System
e} with feedback without feedback
_ -6 -5
10.39 db, for M = 32 4.9 x 10 4 x 10
10.83 db, for M = 64 2.51 x 1070 3 x 1072
11.2 db, for M = 128 1.41 x 1070 1.1 x 1072

For both the above systems the expected value of the required

energy 1is 2Es.

E

For each value of M, the value of ﬁﬁ

O
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First Second Third
Transmission Transmission Transmission

€ (Stop in error)

(Stop correctly)

FIGURE 4. Probability of Error Tree for Scheme 1
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corresponds to the word error probability of 0.01, (i.e.,
Py = 0.01)

The above figures show a vast improvement in the overall
probability of error for the same expected value of signal
energy by introducing simple feedback. The reason for
improvement lies in the fact that Scheme 1 through the use

of adaptive feedback allows us to transmit 1 out of 2

orthogonal signals during the second interval instead of 1 out

of M orthogonal signals which has a higher probability of

error, i.e., pl > ql.



CHAPTER Iv

FEEDBACK COMMUNICATION SYSTEM WITH A MORE COMPLEX SCHEME

In Chapter IT we found an expression for the probability
of correct decision based on the largest output of the

maximum likelihood receiver.

P (o) = [ra - B ([ r(mas)"aa

-0 -0

where as before f(d) A

If we allow ourselves to include the largest two outputs of
the maximum likelihood receiver instead of just one, the
probability of error is reduced. We obtain a still lower
probability of error i1f we pick the top three outputs instead
of one. |

Parallel to the discussion in Chapter II, the probability
that the second largest output of the maximum likelihood

receiver corresponds to the transmitted signal is given by,

p(2) (o) = (m-1) ff(a) rf(ﬁ- JE) (Jraf(fy)dn{)m—g dpda.

- -0

Similarly the probability that the third largest output

corresponds to the correct signal is given by,

P30y = ) -2) [Tre) [Te(e) [Cra- JED (Ve (n)an"3ayapaa

-0 -0

13
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The probability of correct decision, (i.e,, one of the top
three outputs of the maximum likelihood receiver corresponds

to the transmitted signal) is given by,

p(c) = M (c) + 2@ (c) + p(3) (0.
ror M = 64, P(1)(c), p(®(c), p(3)(c) ana P(c) are 1istedt
in Table 1. The probability of error, P(€) = 1 - P(C), is
considerably reduced.

We shall make use of this fact in the following adaptive

feedback scheme which shall be referred to as Scheme 2.
1. Scheme 2

First Transmission: Spacecraft transmits 1 of M equiprobable,
equal-energy orthogonal signals through a channel perturbed

by whilte Gaussian noise. One of these M signals, shall

819
correspond to the message '"retransmit." The ground receiver
stores the information and employs maximum likelihood detection
to select the three largest outputs (excluding NN correspond~
ing to sb). Rename the three most likely signals 815 8o, s3
in descending order of probability to correspond to the top
three outputs. All three signals are fed back to the space-
craft through the error-free path.

Second Transmilssion: Spacecraft, upon deciding whether the
ground made the correct decision or not, transmits 1 of 4

orthogonal signals Sys Sos 33, and Sy If the correct

signal is included in 815 Sps and s3 the spacecraft retransmits
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Error Rate p{1) (c) p(2) (¢) p(3)(c) P(C)

1 - p) (o)

2 x 1071 0.799878 0.091618 0.0382 0.929696
1 x 1071 0.900082 0.055153 0.0191 0.974335
1 x 1072 0.990011 0.007499 0.00147 0.998980
1 x 1073 0.998999 0.000860 0.000096 0.999955
1 10“4 0.999900 0.000092 0.000006 0.999998

TABLE 1. Probability of Correct Detection for the

First, the Second, and

Output of the Receiver.

the Third Largest
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the original signal. If the correct Signal is not included
in 815 8o and s3 the spacecraft transmits Sy The receiver
on the ground stores the information and decodes the message,
call it s, (1 =1,2,3, and b). If s; = sy, then the ground
station feeds it back to the spacecraft through the error-
free path. If 84 # Sy then the receiver on the ground adds
the previously stored first, and the second intervals togeth-
er and uses maximum likelihood detection to obtain s'j

(j = 1,2,3 and b), which is fed back to the spacecraft. 1If
SJ # 5y the ground receiver accepts sJ as the final decision
and waits for the next message. Similarly the spacecraft
moves on to the next message on the list.

Third Transmission: If Sy = 8 or sJ = 8y the spacecraft
retransmits the original 1 of M orthogonal signals. The
ground receilver adds the stored first and third intervals

and uses maximum likelihood detection to obtain the final
decision. Both the spacecraft and the ground receilver move
on to the next message. For a schematic representation

see PFigure 5.

Let ﬁl = probabillty that the correct signal is in the top

three of M orthogonal signals

py=1-9

qi = probability of error for 1 of 4 orthogonal signals
@=Lt

ry = probability of error for 1 of 4 orthogonal signals

for two intervals added together with the original

signal present only once.
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1l - rl

ry = probabllity of error for 1 of 4 orthogonal signals

3
i

for two intervals added together with the original
signal present twice.

r, = i - ry

Py = probability of error for 1 of M orthogonal signals
for two intervals added together with the original
signal present twice.

Bp=1 - P,

The overall probability of error is obtained from the error

tree in Figure 6.

_ : 5o+ 15 25 24 43
E(€)> = pyayry + Pyay TPy + Py@;Py + 3 Py9yPp + 3 By (59 + )7y

1 - 2 -
+ 3 by (39; + q))ropp

and the overall expected energy required is

- - - 2 - - =
<Ey>= (3 - PyqyTp-- 3 P193% - P1d;7) Eg

o

2ES if q; <Py <Py < 0.1.
Comparing the system without feedback with Scheme 1 and

Scheme 2 we get the following results

Overall Probability of Error <P(e)>

Scheme 2 Scheme 1 No Feedback

E
M = 64, 32-in b = 10.83 db| 4.97 x 1077| 2.51 x 1009 3 x 1070
O

The expected value of the required energy is 2Es for
E
the above three systems. The value of ﬁﬁ corresponds to

o
the word error probability of 0.01, (i.e., p(l)(c) = 0.99).
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First +
First Sacond Second Third
Transmission Transmission Transmission Transmission

FIGURE 6. Probability of Error Tree for Scheme 2.
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The above results clearly show a considerable improvement
over Scheme 1 with simple feedback. Reduction in error can

be attributed to many factors; the most lmportant one being
the fact that in Scheme 1 the spacecraft transmits an "accept"
or "reject" signal during the second interval whereas in
Scheme 2 the spacecraft retransmits the original signal

itself instead of the "accept'" signal if the recelver made

a correct decision, otherwise a "retransmit" singal which is
equivalent to the "reject" signal. The other error reductions
come from choosing the top three signals instead of the top
signal which has a higher probability of error.

2. Scheme 3

The probability of error is significantly reduced by
slightly modifying Scheme 2. During the Second Transmission
if the output of the maximum likelihood receiver after adding
the first and the second interval does not agree with the
output for the second interval by itself, request the space-
craft to retransmit the signal, i.e., if 8 # s, feed back s .

Therefore during the Third Transmission 1f 84 = 8, or

8 8y, OT 85 # Sy the spacecraft retransmits the original

1 of M orthogonal signals. The overall probabllity of error
in this case is given by the probability tree in Figure 7.
1 2 = - 1l -
@®(e)>= 3 P1qry + 3 P14 TP * P TP + P19 P * 3 P1% P
2 = 2 = 2 -y - -
+ 5 D1ayTp + 3 B4Ry (3 rp + Fp) + P19y TRP

and the overall expected energy required 1is,

- - = 2 - 1
<E >= (3 - P1a1Tp = g PN Pp - 3 plqlrl)ES

o

2Es if ql <py €7y < 0.1
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First +
First Second Second Third
Transmission Transmission Transmlssion Transmission

FIGURE 7. Probability of Error Tree for Scheme 3.
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where pl, ql, rl, r2, p2 are the same as in Scheme 2.
Comparing all three Schemes wlth the system without

feedback we get the following results.

_Overall Error-Probability <P(€)> ‘

M = 64 Scheme 3 | Scheme 2 Scheme 1 | No feedback
%5 -8 -7 -6 -5
ﬁ—in db=11.03db | 5.63x10 4.97x10 2.51x10 3x10

)

E -4 -4 -4 -3
Nein db=8.53db 1.59x10 2.54x10 8.37x10 4,2x10

0

The values 11.03db and 8.53db of ;ﬁ in db correspond to the
word-error probabllities of 1 x 1092 and 1 x 10'1 respectively.
The expected value of the required energy is 2ES as in previous
comparisons.

Of the 3 feedback schemes considered, Scheme 3, (i.e., the
modified form of Scheme 2 is definitely the best as far as

the overall probability of error 1is concerned.



CHAPTER V
CONCLUSION

Altogether we have considered 3 feedback schemes and
compared their performance with a system without feedback.
Some .of the assumptions made at the beginning may be dis-
carded. For all the feedback schemes we have arbitrarily
truncated the number of transmissions to three, but this nead
not be the case. All the conclusions reached would be un-
affected if the truncation was eliminated. It appears that
we would obtain similar results if we consider non-phase-
coherent orthogonal codes or for that matter biorthogonal
codes where a reduction in hardware is important. This
analysis could also easily be extended to Rayleigh noise.

We have ignored the feedback time required by the
ground station to transmit a signal back to the spacecraft.
This was Justified on the basis that the ground station has
infinite energy compared to the spacecraft energy. Even
if the feedback time was not negligible when compared to the
spacecraft transmission time T we can easily get around this
problem by employing a different format. We may arrange
for the spacecraft to transmit the next signal while the
previous signal is still being fed back to the spacecraft
and decoded.

All the systems were compared on an equal energy basis,

however, it should not be very difficult to compare them on

23
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an equal error-rate basis. It would regquire the programming
of various error functions and the error trees. The results

should be consistent with the equal energy analysis.
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